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Abstract. A graph is K.2 1 3-saturated if it has no subgraph isomorphic to -R"2,3, but does contain 
a ^2,3 after the addition of any new edge. We prove that the minimum number of edges in a 
K2, 3 -saturated graph on n > 5 vertices is sat(n, -^"2,3) = 2n — 3. 



§ 1. Introduction. 

All graphs studied are simple ones. We denote a path, a cycle, a star, a complete graph, 
the complement of a complete graph, and a complete r-uniform hypergraph with n vertices 
by P n , C n , S n , K n , I n , and K^, respectively. We write ^m,...,n r for the complete r-partite 
graph with partite sets of sizes m, ...,n r . For a graph G, denote V = V(G), let N(x) be the 
set of the vertices adjacent to x, and d(x) = \N(x)\, N[x] = N(x) U {x}, e{G) = \E(G)\, and 
5(G) = mm{d(x) : x G V}. If A, B C V, we define G[A, B] to be the subgraph with vertex 
set A U B and edge set E(G[A,B]) = {xy G £(G) :i£i,y£B}. We write e(GL4,£]) as 
e([A,B}). If A = B, we write GL4,^4] as G[A] and |£(GL4])| as e(A). A c/i^ue in a graph is 
a set of pairwise adjacent vertices. For two graphs G and H, the disjoint union G + H has 
vertex set V(G) U V(H) and edge set U E(H). The join G * H is obtained from G + H 

by adding the edges {xy : x G F(G),y G V(H)}. 

Let J 7 be a family of graphs or hypergraphs. A hypergraph is T '-saturated if it has no F G T 
as a subhypergraph, but does contain some H G J- after the addition of any new edge. The 
minimum and maximum number of edges in an ^-saturated graph is denoted by sat(n, F) and 
ex(n,F), respectively. An J-"-saturated graph G on n vertices with e(G) = sat(n,F) is called 
a sat(n, J-")-graph. The problem of determining ex(n,F) is Turan's problem. If F = {F}, we 
also write sat(n,F) as sat(n,F). Erdos, Hajnal, and Moon [9] proved that the sat(n, Kk)- 
graph is Kk-2 * I n -k+2- Kaszonyi and Tuza [15] determined sat(n,F) for F = Sk,kK 2 , Pk, 
and they proved that sat(n,F) = 0(n) for any family F of graphs. 

As for hypergraphs, Bollobas [4] generalized Erdos, Hajnal, and Moon's results to K^- 
saturated hypergraphs. Erdos, Fiiredi, and Tuza [8] obtained sat(n,F) for some particular 
hypergraphs F with few edges. Pikhurko [17] proved Tuza's conjecture that sat(n,F) = 
0(n r ~ l ) for all families of r-uniform hypergraphs whose independence numbers are bounded 
by a constant. For more results and open problems, see [18]. 
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For cycles, Ollmann [16] pointed out that the sat(n, C3)-graph is the star S n , and he 
obtained all sat(n, C^-graphs. Later Tuza [21] gave a shorter proof for sat{n, C4). Ashkenazi 
[1] described the properties of C3-saturated graphs, planar C3-saturated graphs, and CVfree 
C3-saturated graphs. Fisher et al. [11] constructed the Cs-saturated graphs establishing the 
upper bounds of sat(n, C5). Chen [6,7] determined all sat(n, C^-graphs. Barefoot et al. [2] 
showed that n + c\n/k < sat(n,Ck) < n + C2n/k for some positive C\,c<i- They [2] and Gould, 
Luczak, and Schmitt [13] gave new upper bounds for sat(n,Ck) for small k. Recently, Fiiredi 
and Kim [12] gave almost exact asymptotics for sat(n, C&) as k is fixed and n —> 00. For more 
results and open problems, see the excellent survey by Faudree, Faudree, and Schmitt [10]. 

Pikhurko [17] and G. Chen et al. [5] obtained sat(n, of the complete (r + 1)- 

partite graph for n > n(r,£). Pikhurko and Schmitt [19] presented ^2,3-saturated 

graphs with 2n — 3 edges and proved sat(n, -^2,3) > 2n — cn 3 / 4 , where c is a constant. Gould 
and Schmitt [14] conjectured that the complete r-partite graph K 2> . ..,2 has sat{n,K2 t ... t 2) = 
|~((4r — 5)n — 4r 2 + 6r — l)/2] and proved it when the minimum degree of the K2,...,2-saturated 
graphs is 2r — 3. Recently, Bohman, Fonoberova, and Pikhurko [3] proved that for r > 2 and 
s r > ... > «i > 1, as n — > 00, sat(n, X Slv .. )Sr ) = (si + ... + s r -i + 0.5s r — 1.5)n + 0(n 3 / 4 ). They 
[3] constructed a iT Sli ... iSi .-saturated graph K p * H with {s\ + ... + s r _i + 0.5s r — 1.5)n + 0(1) 
edges, where if is a K\^ r -saturated graph and p = S\ + ... + s r _i — 1. They [3] showed that 
any i£ Slv .. iSi .-saturated graph on n vertices with at most sat(n, K Sl Sr ) + o(n) edges can be 
transformed into K p * H by adding and removing at most o(n) edges. Bohman, Fonoberova, 
and Pikhurko [3] also conjectured that sat(n, ^2,3) = 2n — 3. Here we prove their conjecture. 

Theorem 1. sat(n, -^2,3) = 2n — 3. 

We present sat(n, i^^-graphs in Section 2, obtain the properties and structures of ^2,3- 
saturated graphs in Section 3, and prove Theorem 1 in Sections 4-6. 

§ 2. Extremal graphs. 

In this section, we present sat(n, K 2 ,3)-graphs. The construction of these graphs was applied 
to obtain general upper bounds of sat(n, J-) for any family T of graphs by Kaszonyi and Tuza 
[15], and the structure was recently proved to be possessed by all almost extremal K Slj __^ Sr - 
saturated graphs by Bohman, Fonoberova, and Pikhurko [3]. Pikhurko and Schmitt [19] have 
presented these ^^-saturated graphs with 2n— 3 edges; we include them for completeness. Let 
1-L n be the set of 2-regular K 2 ,2-free graphs on n vertices. Let Q n = {Ki*(ivTi+if) : H £ Un-2} 
\j{Ki *{K 2 + H) : H £ H n - 3 } U {Ki * (P 4 + H) : H £ H n - 5 }. It is easy to verify that each of 
the graphs in Q n is K 2 ,3-saturated, since the addition of any edge results in either a Ki 3 or a 
C4 disjoint from the vertex of maximum degree. 

§ 3. Properties of K 2 ,3-saturated graphs. 

In this section, let G be a ^2,3-saturated graph and we shall describe properties of G. 

Proposition 3.1. If olxoli $ E(G), then there exists a vertex b in N(cti) such that b and az-i 
have two common neighbors, namely, \N{az-i) fl N(b)\ > 2, i = 1 or 2. 
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Proof. Let A, B be two partite sets generating a K 23 obtained by adding ct\a 2 to E(G). Let 
A = {ai,z,w} and B = {as-i,b}. Thus b G N(ai) is adjacent to z,w G N(a 3 -i). □ 

Corollary 3.2. Lei A^a) = {x\, .., X&}. If y G V \ AT [a], i/ien either there exists I such 
that \N(y) n A^(x;)| > 2 or £aere are i, j suca that i ^ j and y is adjacent to a vertex in 
N(xi)nN(xj). In particular, ifk = 1, then for ally G V\JV[a], it satisfies \N(y)nN(xi)\ > 2. 

Corollary 3.3. Let V\ = N[a] U {v G V : \N(v) n N(a)\ = 2}, the set U 2 = {v G V \ V x : 

\N(v)nN(a)\ = 1}, and U 3 = V\(V 1 UU 2 ). We define u(b) = \N{b) n V x | + 0.5|JV(6) n U 2 \ 
for b G U 2 . Let x* G N(a) with |7V(x*) n N(a)\ < 1. W7iera y <E U 2 and x* is the unique 
common neighbor of a and y, we conclude oo(y) > 1.5 and if uj(y) = 1.5, iaen i/iere exist 

x G iV(a) fl 7V(x*) and y' G N(x) such that N(y) <T\U 2 = {y'}. If z G W 3 , i/ien we aave 
|iV(z) n (V \U 3 )\ > 1 + \{x G N(a) : iV(z) n N(ar) nZi 2 ^ 0}|. 

Proof. We assume 7V(y) n Vi = {x*}. Since \N(x*) n 7V(a)| < 1, by Corollary 3.2, there 
is x G JV(a) such that \N(y) n iV(x)| > 2. Thus there is y' G (N(y) n iV(x)) \ {x*} and 
w(y) > 1.5. If uj(y) = 1.5, then 7V(y) nW 2 = {y'} and 7V(y) n JV(x) = {y',x*}. Since G 
is K 2 , 3 -free, for z G V(G) \ {a}, |JV(jk) n N(a)\ < 2. Let z G ZY 3 . Thus za £ £7(G) and 
|iV(z) fl iV(a)| = 0. Since every vertex in N(z) nU 2 is adjcent to exactly one vertex in N(a), 
it follows \N(z) nU 2 \ > \{x G N(a) : N(z) n iV(x) n Zi 2 ^ 0}|. Let |iV(z) n Vi| = 0. Thus 
every vertex in N(z) is adjacent to at most one veretx in N(a). By Proposition 3.1, there is 

xi G N(a) adjacent to two vertices w\,w 2 G N(z). Since every vertex in (N(z) \ {tui}) DU 2 
is adjcent to exactly one vertex in N(a), the vertex w\ is adjacent to only x\ in N(a), and 
xi has w 2 G 7V(xi)niV(z)nW 2 , it follows \N (z) (1 (V \U 3 )\ = |{wi}| + |(JV(^) \{«>i}) nW 2 | > 
1 + |{x G iV(a) : N(z) nN(x) nU 2 + 0}|. □ 



§ 4. The case when 5(G) = 1. 

In this section, we prove Theorem 1 when 6(G) = 1. Although Pikhurko and Schmitt [19] 
have proved Theorem 1 when 6(G) = 1, for completeness, we include our proof here. 

Lemma 4.1. If G is a sat(n, K 2 , 3 ) -graph with 5(G) = 1, then e(G) > 2n — 3. 

Proof. Let N(a) = {x}, U x = N(x)\{a}, and U 2 = V\N[x]. By Corollary 3.2, if y G U X UU 2 , 
then \N(y)DU 1 \ > 2. Hence 

e(G) = d(x) + e(U 1 ) + e([U 1 ,U 2 ]) + e(U 2 ) = d(x) + 0.5 ^ \N(y)nU 1 \+ ^ \N(z)nU 1 \ + e(U 2 ) 

y€U! z€U 2 

> d(x) + \U 1 \+2\U 2 \+e(U 2 )=d(x) + (d(x)-l)+2(n-d(x)-l)+e(U 2 ) > 2n-3 + e(U 2 ). □ 



§ 5. The case when 5(G) = 2. 

In this section, we prove Theorem 1 when 5(G) = 2. 
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Lemma 5.1. Let G be a sat(n, K 2,3) -graph with 5(G) = 2, Abe the set of degree 2 vertices 
having adjacent neighbors, and B be the set of degree 2 vertices whose neighbors have exactly 
one common neighbor. If AC\ B ^ 0, then e(G) > 2n — 3. 

Proof. We choose a vertex a £ Ail B and denote N(a) = {x\,x 2 }. We define V\ = N[a], 
U 2 = (iV(xi) U N(x 2 )) \ V u and U 3 = V \ (V x U U 2 ). For y G W 2 , we define 

u(y) = \N(y) n Vi| + 0.5|iV(y) n W 2 | - 2, 

U+ = { y eU 2 : u(y) > 0.5}, U 2 = {y£U 2 : u(y) < 0}, and W£ = U 2 \ U 2 . 
For z G U 3 , let w(z) = \N(z) nU 2 \, 

Ul = { z eU 3 : w(z) = 3}, and f/ 3 4 = {z£U 3 : u(z) > 4}. 

For y G Z^T, we define /(y), a subset of N(y). We partition ££T into So, S4: 

S = {y G ZY 2 " : /(y) C [/+}, S 4 = {y G W 2 " : /(y) n f/ 3 4 + 0}, 

Sx = {y G W 2 " : |/(y)| = l,/(y) C C/|}, S 2 = {y G W 2 " : |/(y)| = 2,/(y) C [/f }, and 

S 3 = {y G W 2 " : /(y) = {y', z}, * G ?7 3 3 , y' G Zi 2 }. 

Now we define f(y) and verify that U 2 ~ = So U ... U S4. Let y G Z^T PI N(xi). By Corollary 3.3, 
w (y) = -0.5 and there is y' G iV(x 3 _;) \ Vi such that AT(y) n (V x UU 2 ) = {x h y'}. If y' G C/ 2 +, 
then let f{y) = {y'}. Since TV(y') n iV(ar<) = {xg-^y}, it follows /(&) ^ {y'} iib^y. Thus 

l^o|<|C/ 2 + |. (1) 

Now we define /(y) for y G Z^ 2 _ whose unique neighbor y' in ZY 2 has w(y') < 0. If there is 
z G N(y) adjacent to distinct yi,y 2 G N(x 3 -i), then let /(y) = {z}. Since N(x\) Pi N(x 2 ) = 
{a}, and to(y') < 0, and y,yi,y 2 G iV(z), it follows /(y) C C/f U J7| and y G S 4 U Si. Let 
\N(z) n A^(x3_i)| < 1 for all 2 G N(y). Since yx 3 -i E(G), by Proposition 3.1, there is y 3 G 
N(x 3 -i) adjacent to distinct Zi,z 2 G N(y). We define f(y) = {zi, z 2 }. Since N(y) T\IA 2 = {y'}, 
it follows {z u z 2 } <£. U 2 and /(y) r\U 3 + %. By Corollary 3.3, if Zj G /(y) nW 3 and |/(y)| = 2, 
then 2j £ U 3 L)U 3 and j/eS 2 U5 3 U S 4 . Recall |7V(z) DZY 2 | > 4 for z G C/3 4 . We observe that 

(0.5 + 0.5) u ( z ) ^ 2 \ U i\ + °- 5 l{y € ^2 : ^V(y) n f/ 3 4 + 0}| > 2\Ul\ + 0.5|S 4 |. (2) 

zec/ 3 4 

We shall partition U 3 into U 31 , U 32 , U 33 , and £/f \ (U 31 U C/| 2 U U 33 ) depending on the manner 
in which /(y) intersect with U 3 . Recall that if z G £/f, then = \N(z) CiU 2 \ = 3. If 
y G N(xi), f(y) = {z}, and 2 G then there are yi,y 2 such that N(z) DU 2 r\ N(xi) = {y} 
and N(z) C\U 2 n N(x 3 -i) = {yi,y 2 }. Thus if z G C/|, then {z} is /(y) for at most one y G Si. 

Let Ul, = {ze Ul n /(y) : y G Si}. Thus |S X | = 1^ |. (3) 

Let y 3 G iV(ari) n S 3 , y' G W 2 , ^ G t/f, and /(y 3 ) = {y',z'}. Thus there is y 5 G N(x 3 -i) 
such that iV(y 3 ) n N(y 5 ) = {y',z'}. By Corollary 3.3, y' G A^(x 3 _i) and y 5 G Since z' 
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is adjacent to three vertices in U 2 , one of which is in U 2 n N(xi), another one of which is in 
U 2 H N(x 3 -i), it follows z' is in f(ys) for at most two y 3 G 5*3 and z' CT^. We define 

C7| 2 = {z G C/| n /(y) n /(6) : y,b G S 3 ,y ^ 6} and C7| 3 = {z G (C/| n /(y)) \ f/| 2 : y G S 3 }. 

Thus 

l^| = 2|^3 3 2 | + |C/3 3 3 | (4) 

and U 31 ,U 32 ,U 33 are pairwise disjoint. Also if z G C/| 2 , then z is adjacent to exactly three 
vertices in ZY 2 , one of which is in U 2 , two of which are in S3, and N(z) n S 2 = 0. If z' G £/f 3 , 
then z' is adjacent to one vertex in U 2 , one vertex in S3, and \N(z') PI <S , 2 1 < 1- Since each 
y G S 2 is adjacent to two vertices in U 3 , and each vertex in !7 3 is adjacent to exactly three 
vertices in « 2 , it follows 2|S 2 | < 2 1 C/f x | + |[/f 3 | + 3|f/f \ (E^ U £/ 3 3 2 U C/ 3 3 )| and by (3), (4), 

2|^3 3 | = l^3 3 ll + (2|^3 3 2l + l^3 3 3l) + l^3 3 ll + l^3 3 3l+2|^3 3 \(^3 3 lU^3 3 2Uf/ 3 3 3)l > 1^1 1 + |S 3 \ + \S 2 | . (5) 

If b G U 3 , then by Corollary 3.3, 00(b) > 2. By (1), (2), and (5), 

e(G) = e(Vi) + e([Vi,« 2 ]) + e{U 2 ) + e([U 2 ,U 3 }) + e(U 3 ) 
> 2\Vi\ -3 + 2|W 2 | + 0.5(|£/ 2 +| - |S | - |S 4 |) + 2|W 3 | + |£/ 3 3 | + 0.5|S 4 | + e(W 3 ) > 2n - 3. □ 

Lemma 5.2. Let G be a sat(n, K 2 ^ 3 )-graph with 5(G) = 2 and A be the set of degree 2 vertices 
having adjacent neighbors. If A ^ 0, then e(G) > 2n — 3. 

Proof. By Lemma 5.1, since G is iC 2i3 -free, we can assume that for each a € A, there is a 
unique vertex b such that N(a) C N(b) and b ^ a. Let B = {b G V : N(b) D N(a) for a 
vertex a G A with a 7^ 6}. We choose a£i satisfying the unique vertex (3 with N(a) C N(f3) 
and ^ a has d(0) = min{d(6) : 6 G £>}. Let JV(a) = {si,ar 2 }- Let Vi = Wi = N[a] U {/?}, 
Zi 2 = (N( Xl ) U JV(x 2 )) \ Vi, the set U 3 = V\(V 1 UU 2 U N((3)), and W 4 = y\(F 1 UM 2 U W 3 ). 

For i G {2,3,4} and y G W;, let w(y) = \N(y) D (Wi U ... U ZY;_i)| + 0.5|JV(y) n Ui\ - 2. (6) 

Let U+ = { y eU 2 : u(y) > 0.5}, the set U 2 ~ = {y eU 2 : uj(y) < 0}, and W 2 ° = U 2 \ U 2 . 

Let C/ 3 ° = {zeU 3 : oj(z) = 0.5}, f/j = {z £ W3 : 1 < oj(z) < 2}, and £/f = {z£U 3 : oj(z) > 2}. 

Since a/3 E(G), by Proposition 3.1, without loss of generality, there is 7 G N(x\) n N(/3). 
For y G ZY 2 ~~, we define /(y), a subset of N(y). For one particular case we also define f(j) and 
leave f(y) undefined for exatcly one y G W 2 ~. We partition U 2 U {7} into So, Sq: 

let S = {y G W 2 " : f(y) C t/ 2 + ,/(y) ^ 0}, 5, = {y G W 2 "U{ 7 } : |/(y)| = *,/(y) C C^ 1 },* = 1,2, 

S 4 = {y G W 2 " U {7} : f(y) n t/ 3 2 + 0}, S 5 = {y G U 2 U {7} : f(y) n W 4 ^ 0, /(y) n C/ 3 2 = 0}, 

S 3 = {y G W 2 ~ : /(y) = 0}, and S 6 = {y G ZY 2 " : /(y) = {z},z G C/ 3 }. 

Note that So,..., 56 are pairwise disjoint. Now we define f(y), verify that each f(y) is as 
described in the definitions of Sq,...,Sq, \U 2 \ = |So| + ... + \Sq\, and f(y) satisfies that 

d(w) > 3 for w G W 4 n/(y), and if y G Si and z G f(y), then N(z)n((U$\{~f})UU 3 ) + 0. (7) 
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Let y G U 2 n iV(xj). By Corollary 3.3, u(y) = -0.5 and there is y' G iV(x 3 _;) \ Vi such 
that N(y) D (Vi UU 2 ) = {xi,y'}. If y' G C/ 2 + , then we define /(y) = {y'} and y G S . Since 
N(y') n TV^) = {x 3 -i,y}, it follows /(&) ^ {y 1 } lib^y. Since iV( 7 ) n N(x 2 ) = {x u p}, it 
follows {7} 7^ /(y) for any y G So- After defining /(y) for all y G U 2 having a neighbor in 
U 2 , we conclude 

|S |<|C/ 2 + \{ 7 }|. (8) 

Let y eU 2 ~ \S - If there is z G £/f n AT(y) or z G W 4 n 7V(y) with <i(z) > 3, then we choose 
one such z and define f(y) = {z}. We have y £ S4U S$ and f(y) satisfies (7). 

Now we define f(y) for y G U 2 \ (S U S* 4 U S 5 ). First let there be yi,y 2 G U 2 ~ n A/"(x;) 
whose /(yi), /(y2) are to be defined. By Corollary 3.3, there is yj + 2 G N(x 3 _i) such that 
N(yj) n (Vi UW2) = {xj, yj+2}, i = 1)2. Since yiy2 ^ E(G), by Proposition 3.1, without loss 
of generality, there is b G N(y±) adjacent to zi, z 2 G N(y 2 ). Since £4 C N((3), yi,y 2 £ 4 U S5, 
and y2 G W 2 ~, ^ follows 6 G {ys} U U 3 and z 4 ,z 2 G {y 4 } U W3. Let b = y 3 . We define 
/O/2) = {^i,^2}\{y4}- By Corollary 3.3, since y 2 £ S 4 , it follows /(y 2 ) C and y 2 G S 1 US 2 . 
If /(2/2) = {zj}, then y 4 , yi G JV(6) P\U 2 , the vertex 6 G (U 2 \ {7}) n A^(^), and f(y 2 ) satisfies 
(7). Let b G U 3 . We define /(yi) = {6}. By Corollary 3.3, 6 G C/3 1 and y x G Si. Since 
{zi, z 2 } r\U 3 n JV(6) ^ 0, it follows /(yi) satisfies (7). We have defined one of f(yi),f(y 2 ). We 
repeat this process until there is at most one y G £Y 2 ~~ ^ ^( x i) whose /(y) is not defined. 

If there is only one y G IA 2 whose f(y) has not been defined, then we define f(y) = and 
^3 = {v}- Let u i be the unique vertex in U 2 n N(xi) whose f(u*) is not defined, i = 1,2. 
Recall 7 G N(/3)r\N(xi). If 7 G ?7 2 + , then let /(«;) = /(u$) = 0. Thus S3 = {«i,u 2 }. By (8), 

|C/ 2 + |-|^o|-|^3| >-l- (9) 

Let = and N(i) n (Vi UZi 2 ) = {xi,/3}. Let there be to G N(u\) C\U±. Since /(uj) is not 
defined, N(w) = {u\,f3}. Since N(u\) n iV(/3) = {xi,w} and u> £(G), by Proposition 3.1, 
there is b G 7V(to) adjacent to wi,w 2 G N(u 2 ). If b = (3, then u;i or 102, say w\ G iV(/3) \ {x 2 }. 
Since u 2 G ZY 2 ~ and f(u 2 ) is not defined, it follows w\ ZY2, toi G U4, and N(w\) = {/3,u 2 }, 
a contradiction to Proposition 3.1, since ww\ g" E(G). Hence b = u\. Since U4 C N((3), by 
Corollary 3.3, W\,w 2 G C/3. We define f{u\) = f(u 2 ) = {101,102} and u\,u 2 G S 2 . 

Let N(u*) flW 4 = 0. We define /(u 2 ) = and u 2 G 53. We consider the K 2>3 created by 
adding -u* 7 . Let there be z G N{u\) adjacent to 101,102 G N(j). Let z G U 2 . By Corollary 
3.3, z G N{x 2 ) and 101,102 G C/ 3 U C/| U^/ 4 . We define /( 7 ) = {101,^2}, leave f{u\) undefined, 
and 7GS 2 U5 4 U S 5 . Note that \U 2 \ = \S \ + ... + |5 6 |. Since U4 C N(@), 

if to G W 4 n/(7), then |7V(io) fl (V \ZY 4 )| > 3 and satisfies (7). (10) 

Next let z G U 3 . We define /«) = {z}. Since xi G A^( 7 ) n N(/3), it follows {toi, w 2 } n W 3 n 
7V(z) 7^ 0. By Corollary 3.3, u\ G 5 6 U Si and /«) satisfies (7). Next let \N(z) n ^(7)) < 1 
for all z G N(ul). By Proposition 3.1, there is z\ G iV( 7 ) adjacent to ^25-23 G N(u\). Since 
N(u\) C\U A = ® and N(f) n (Vi UW 2 ) = {xi,/3}, it follows z x G W 3 UW 4 . Let z x G W 3 . We 
choose Zj G {z 2 ,z 3 } \ U 2 and define /(u*) = {zj}. By Corollary 3.3, u\ G S\ U Sg. Since 
zi Sl/3 n A^(zj), /(«!) satisfies (7). If z\ G Z4, then let f(u\) = 0. Since z\ G iV(^), by (8), 

\U 2 \-\Sq\-\S 3 \ > -2, and if (9) fails, then there is z x G U A with |AT(zi)n(V\W 4 )| > 4. (11) 
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Next we compare £ u (z) for z G £/| with |S 4 |. Denote <£(z) = |7V(z) nU 2 \ + 0.5|iV(z) nW 3 |. 
If z G C/f , then 0(z) > 4 and w(z) = <f>(z) - 2 > 0(z) - 0.5(/»(z) > 0.5|iV(z) n« 2 |. Hence 

2 J^M*) : z G C/f } > ]T{|7V(z) nZi 2 | : 2 G C/f } > |{y G W 2 : N(y) n J7 3 2 ^ 0}| > |S 4 |. (12) 

Recall 3 < |7V(z) nW 2 | + 0.5|iV(z) nU 3 \ < 3.5 for z G U%. Since the vertices in Si satisfy (7), 
if z G L7g and |{6 G Si : z G f(b)}\ = 3, then w(z) = 1.5. We partition U 3 into six sets: 
Let U 3 \ = {z G Ul : \{b G Si : z G /(6)}| = i, w(z) = 1.5}, % = 1, 2, 3, the set ^ = {z G c/g 1 : 
|{6 G Si : z G /(6)}| = fc - 3, u>(z) = l},k = 4, 5, and = \ (U 3 \ U ... U Thus 

\Si\ = Pt\ + \Uk\ + 2(1^1 + |E&|) + 3|E&|. (13) 

Since each y G S 2 is adjacent to two vertices in /(y) n U 3 , and the vertices in Si satisfy (7), 
it follows 2|S 2 | < 2|c/ 3 1 i| + \U£ 2 \ + \U^\ + 3\U£a\, and by (13), 

■ * € Oj 1 } > 1-5(1^1 + IC/I2I + |t&l) + 1^341 + l^sl + l^el > 0.5(15x1 + |S 2 |). (14) 

Let w G U4. Since w G N(j3), the vertex /3 G N(xk) fl N(w), and G is X 2) 3-free, it follows 
|JV(u;) nZi 2 n A^(x fc )| < 1, = 1, 2, and |7V(it;) n S 5 | < 2. We partition ZY 4 into three sets. Let 
£/ 42 = { ra eM 4 n /(y) n /(6) : y,b G S 5 ,y ^ 6}, C/41 = G (W 4 n f(y)) \ U42 '■ y G S 5 }, and 
C/| = U A \ (U A1 U C7 42 ). Thus |S 5 | < 2|£/ 42 | + |l7 4 i|. If 6 G W 3 , then by Corollary 3.3, 00(b) > 0. 
Since 7(7) is defined when u\ is the only vertex in IA 2 ~ whose /(it*) is undefined, it follows 
\U~ \ = |S | + ... + |S 6 |. Note that S 6 C {u*}, |S 6 | < 1, and |S 6 | < |L7§|. By (6), (12), and (14), 

e(G) = e(Vi) + e(\yi,U 2 ]) + e(W 2 ) + e([U 2 ,U 3 ]) + e(W 3 ) + e([V \ UM}) + e(U A ) 

>2|Vi|-3 + 2|ZY 2 |+0.5(|C/+|- \Si\) + 2\U 3 \+ J] oj(z) + 0.5|S 4 | + 2\U 4 \ + ^ 

0<i<6 zel/|ul7° «>eW 4 

>2n-3 + 0.5(|C7+|-|S |-|S 3 |)+ £ (w(«;) - 1) + J] (w(t«) - 0.5) + £ (15) 

i"G{742 wEUn w€U£ 

If it; G C/ 42 , then by Corollary 3.3, 10 is adjacent to three vertices in V \ U4 and cj(u>) > 1. If 
w G C/41, then \N(w) n (V\W 4 )| > 2, and since /(y) satisfies (7) for y G Zi 2 " U {7}, it follows 
d(tu) > 3 and uj(w) > 0.5. Let W = {w G U£ : w(w;) < 0} and w £ W with iV(to) = {/3,u}. 
We define p(iu) = it, the neighbor of k; in U4. By our assumption, there is a unique vertex z 
such that N(P) n N(u) = {w, z). We define h(w) = z. We define 

W\ = {w G W : h{w) G V \U 4 }, the set P = {p(w) : w G Wi}, 

W 2 = W \ Wi = {w G W : G W 4 }, and H = {h(w) : w G W 2 }. 

Let n G P. Thus there is u> G Wi such that u = p(w). Since iV(it) n N(f3) = {w, h(w)} 
and h(w) G U 2 , it follows w(u) > 0.5, the vertex h(w) is not adjacent to any vertex in W, 
it W U H, and it ^ p(ti/) for any iw' G W \ {w}. Thus P n (W U if) = and |Wi| = |P|. 
Let u G P n (C/42 UC/41). Thus there is y G W 2 " U {7} such that u G /(y). If y = 7, then 
by (10), |JV(tt) n(V\Z4)| > 3. If y G U 2 , then y ^ 7V(/3) and y,h{w),fi G iV(tt) n [V\U A ). 
Since it; G iV(ii) fl U4, it follows w(u) — 1 > 0.5. Let z G H. Thus there is it; G PF 2 such that 
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z = h(w) and p(w) G N(z) n N(@). Since \N(z) n iV(/3)| < 2, it follows z = h(w) for at most 
two w in W 2 . Thus \W 2 \ < 2|i?|. Since w G 4, by our choice of a, > > 5, u(z) > 1 
and 2 G" VK. If 2 G U41, then 2 is adjacent to two vertices in V \£4, and — 0.5 > 1. If 
z G U42, then 2 is adjacent to three vertices in V\U^ and oo(z) — 1 > 1. If (9) holds, then by 
(15), e(G) >2n- 3.5 - 0.5|Wi| - 0.5|W 2 | + 0.5|P| + |#| > 2n - 3.5. 

Suppose (9) does not hold. By (11), there is z\ G U 4 with \N(zi) D (V \U 4 )\ > 4 and 
w(zi) — 1 > 1. Recall PC\H = 0. If 21 G H, then since > 5, we have u)(z\) — 1 > 1.5. By 
(11) and (15), e(G) > 2n-4-0.5\W\ + 0.5\P\{z 1 }\ + \H\{z 1 }\ + (uj(z 1 ) -I) > 2n-3.5. □ 

Lemma 5.3. If G is a sat(n, K 2t3 ) -graph with 6(G) = 2, then e(G) > 2n — 3. 

Proof. By Lemma 5.2, we assume that degree 2 vertices have nonadjacent neighbors. Let B 
be the set of degree 2 vertices whose neighbors have exactly one common neighbor. Let aGB, 
if B ^ 0. Let N(a) = {xi,x 2 }. If \B\ = 0, then 7V(xi) n N(x 2 ) = {a,f3}. If a £ 5, then 
we define Vi = N[a], the set £/ 2 = (N(xi) U N(x 2 )) \ Vi, and U 3 = V \ (Vi U f/ 2 ), otherwise, 
let Vi = JV[a] U {/?}, C7 2 = (iV(ari) U 7V(x 2 )) \ V u the set C7 3 = V \ (Vi U U 2 U N(/3)), and 
£/ 4 = V \ (Vi U U 2 U £/ 3 ). For 10 G £/ 4 , let = \N(w) D (V \ £/ 4 )| + 0.5|JV(«;) n £/ 4 | - 2, 

* = £ W H> ^ = J](|iV(y)ny 1 | + 0.5|iV(y)nc/ 2 |-2), and0 3 = 5^(|JV(^)ni7 2 | -2). 

™ec/ 4 ye(7 2 zeu 3 

Hence 

e(G) = e(Vl) + e([V u U 2 ]) + e(C/ 2 ) + e([U 2 , U 3 ]) + e(C/ 3 ) + e([V \ U 4 , U 4 \) + e(U 4 ) 
= 2|Vi| - 4 + 2|[/ 2 | + 2 + 2|£/ 3 | + 6 3 + e(U 3 ) + 2\U 4 \ + t = 2n - 4 + 9 2 + 6 3 + e(J7 3 ) + £ 

We shall prove 6 2 + 6» 3 + e(C7 3 ) > 0.5. By Corollary 3.3, 6 2 ,6 3 > 0. First let a £ B. Thus 
N(xi) n N(x 2 ) = {a} and \U 4 \ = £ = 0. Since xix 2 E(G), by Proposition 3.1, without loss 
of generality, there is 2 G N(x 2 ) adjacent to yi,y 2 G N(x\). If |iV(yj) flC^I > 3, then # 2 > 0.5. 
By Corollary 3.2, \N(y) n N( Xi )\ > 2 for y G c/ 2 , z = 1 or 2. Thus let Nfa) nU 2 = {z, Zi }, 
where Zi G N(x 2 ), i = 1,2. Since yiy 2 ^ E(G), by Proposition 3.1, there is 6 G N(yt~) \ {xi} 
adjacent to 61, 6 2 G N(y 3 - k ), k = 1 or 2. Since d(6) > 3, if 6 G C/3, then 6» 3 + e(C/ 3 ) > 1. Thus 
b G {z,2fc}. Since y 3 _ fc G ^V(xi) n iV(6i) and b G iV(x 2 ) n A^(foi)> by Corollary 3.3, if 6; G U 3 , 
then 3 > 1. Thus {b\,b 2 } = {z,z 3 _fc}. Hence b = and yk,z,z 3 _k G N(zk), and # 2 > 0.5. 

Finally, let 5 = 0. Since degree 2 vertices have nonadjacent neighbors, if w G U4 has 
iV(to) = {^,«}, then u G V \ U 4 and w(u;) > 0. Hence i > 0. Since /3 iV(a), by Corollary 
3.2, Xi is adjacent to h,b 2 in iV(/3), i = 1 or 2. If 61 G N(b 2 ), then 6» 2 > 1. Let b t 7V(6 2 ). By 
Proposition 3.1, there is y G N(bj) adjacent to yi,y 2 G N(b 3 -j), j = 1 or 2. If 2 G {y,yi,y 2 } 
is in i7 4 nN(bk), then since degree 2 vertices have nonadjacent neighbors, N(z) D {/3,6fc} and 
I > 0.5. Let {y,yi,y 2 } n C/ 4 = 0. If one of y 1: y 2 ,y is in f7 2 U {x^}, then # 2 > 0.5. Hence 
2/, 2/1,3/2 € U 3 and e(CI 3 ) > 2. □ 

§ 6. The case when 5(G) = 3. 

In this section, we prove Theorem 1 when 6(G) = 3. We define A(G) = min{e(iV(a)) : 
d(a) = 3} and discuss e(G) in cases depending on X(G). 



MINIMUM K 2 , 3 -SATURATED GRAPHS 



9 



Lemma 6.1. If G is a sat(n, K 2>3 ) -graph with 5(G) = 3 and A(G) = 3, then e(G) > 2n — 2. 

Proof. Let R = {v G V : d(v) = 3}. We claim that there is (3 G V such that R C 
Let ai £ R and a 2 £ R\ N[ai]. If N(ai\) = {bi,b 2 ,b 3 }, then since G is i^^-free, it follows 
A^(6i)n7V(6 2 ) = {01,63}. Thus |JV(ai)nJV(a 2 )| < 1. We first show |7V(c*i) n7V(a 2 )| = 1. By 
Proposition 3.1, there exists (3 G iV(a 3 _i) adjacent to yi,y 2 £ N(ai), i = 1 or 2. We denote 
N(ai) = {y, 2/1,2/2}- Since G is JC 2i3 -free and N(cti) is a clique, it follows N(yi) (~1 N(y 2 ) = 
{ai,y}. Thus /3 = y and {/?} = JV(ai) D JV(a 2 ). Let a 3 e R\ N(/3). Thus a 3 £ 7V(a;) 
and N(a 3 ) n (iV(aj) \ -/V(ai 3 _j)) = {2^}, i = 1,2. We denote -/V(a 3 ) = {z\,z 2 ,z}. However 
f3,a 3 ,z G iV(zi) n N(z 2 ), a contradiction. Hence C N(/3) and d(/3) > \R\. Therefore, 

2e(G) = ^{d(x) -xeV}> 3\R\ + d{fi) + 4(n - - 1) > 4ra - 4. □ 



Lemma 6.2. If G is a sat(n, K 2>3 ) -graph with 5(G) = 3, then e(G) > 2n — 3. 

Proof We choose a degree 3 vertex a with e(iV(a)) = X(G). By Lemma 6.1, we assume 
A(G) < 2. Denote N(a) = {xi,x 2 ,x 3 }, where x 3 £ N(x 2 ). We define Vb = N[a], U\ = {y G 
y\F : |iV(y)DiV(a)| = 2},W 2 = {yGy\Vb : \N(y)nN(a)\ = 1},U 3 = V\ (VoUld UW 2 ), 

= |7V(y) n (V UWi UUi-t)\ + 0.5|7V(y) nU t \-2 for y G Z4 and 0; = ^ u(y), i = 2,3. 
Hence 

e(G) = e(V ) + e([y ,Wi]) + e(Wi) + e([V U U U U 2 \) + e(U 2 ) + e([V \ U 3 Mz\) + e(W 3 ) 

= 3 + \(G) + 2|Wi| + e(Ut) + 2|W 2 | + 6» 2 + 2\U 3 \ + 6» 3 = 2n - 5 + A(G) + e(U x ) + 6 2 + 9 3 . 
It is sufficient to prove 

\(G) + e(U l ) + 6 2 + e 3 > 1.5. (16) 
Claim 6.2.1. If A(G) = 0, then (16) holds. 

Proof. Since e(JV(a)) = 0, by Corollary 3.3, if y G U 2 UU 3 , then uj(y) > 0. Let W fc = {y G 
Zi 2 UW 3 : uj(y) > 0.5k}. Note that W 3 C W 2 C Wi and 6> 2 + 6> 3 > 0.5(|Wi| + |W 2 | + |W 3 |). First 
let Wi = 0. Let there exist bi G W 2 n N(xi) adjacent to 2;, G ^/ 3 or having u(bi) > for i = 1, 2, 
and 3. Since 5(G) = 3, by Corollary 3.3, Zi G Wi, and if 2;, = Zj and i 7^ j then G W 2 . 
Also, if zi G JV(6i) n N(b 2 ) n ^(63), then 21 G W 3 . Thus |Wi| + \W 2 \ + |W 3 | > 3. Hence 
we assume that if y G N(x\), then uj(y) = and iV(y) C V \ U 3 . Since 5(G) = 3, there are 
y,y' G N(xi) nU 2 . By Corollary 3.2, there are yi,y 2 G N(xi) such that N(y) = {xi,y±,y 2 }. 
Without loss of generality, i G {1,2}. Since N(x 1 )f)N(x 3 ) = {a} and N(y 1 )nN(y 2 ) = {xi,y}, 
it follows \N(b) n N(y)\ < 1 for all b G N(x 3 ). Since yx 3 #(G), by Proposition 3.1, y\ or 
2/2 5 say j/i, is adjacent to Zi,z 2 G N(x 3 ). Thus u>(yi) > 0.5. By our assumption, i = 2. Since 
7V(xi) n iV(x 2 ) = {a}, N(y x ) n iV(y 2 ) = {x 2 ,y}, and yx 2 ^(G), by Proposition 3.1, yj is 
adjacent to vi,v 2 G N(x 2 ), j = 1 or 2. If j = 1, then yi G W 3 . Thus j = 2 and yi,y 2 G Wi. If 
y k is adjacent to y' , k = 1 or 2, then y fc G W 2 and \ Wi\ + \W 2 \ > 3. Let |{yi, y 2 } n N(y')\ = 0. 
Similarly to y, the vertex y' has a neighbor y 3 G Wi . Thus \Wi \ > 3. Hence we assume U\ ^ 0. 
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Let ui G N(x 1 ) n N{x 2 ) and let \N(m) nUi\ = 0. By Corollary 3.2, m is adjacent to 
2/1)2/2 G N{xi) HU 2 , where i G {1,3}. Let Zj G N(yj) \ {xi,U\}, j = 1,2. By Corollary 3.3, 
2/j G IF 2 , Uj G Wi, or G W\ when z^ is in Ui,U 2 , or W3, respectively. Since N(y 1 ) (^N(y 2 ) = 
{xi,U\}, it follows zj g" N(y 3 -j) and | Wi n {2/1, 2/2, %i, z 2 }\ > 2. If e(Wi) > 0, or Zj G Z/l, or 
there is z G N(yj) \ {ui, Xj, Zj}, then (16) holds. Thus e{U\) = and N(yj) = {ui, Xj, Zj}, 
where Zj ^ Ui, j = 1,2. Let there be u 2 G U\ \ {ui}- By Corollary 3.3, there are 2/3,2/4 G 
7V(x fc )niV(u 2 ). Similarly to 2/1,2/2, ^(2/3) = {^2,2^,23} and z 3 <£U\. If z 3 G {2/1, 2/2, 21, z 2 }nW 2 
or z 3 ^ {21, z 2 }, then |Wi| > 3. Thus Zi = z 3 and Zi G U 3 . Since 2^2/3 £'(G ! ) and Z\ G W 3 , 
by Proposition 3.1, z l G (-/V(«i) U N(u 2 )) n VF 2 and (16) holds. Hence Wi = {uj. 

Since c£(x 2 ) > 3, there is 2/5 G N(x 2 ) nZi 2 . Let 2/5 G N(u\) and z 5 G N(y 5 ) \ {ui,x 2 }. If 
j/5 = Zj, j = 1 or 2, then 2/j, 2j G Wi and \W\ \ > 3. Since i ^ 2, we assume 2/5 ^ {2/1,2/2, Zi,z 2 }. 
By Corollary 3.3, 2/5 G Wi or Z5 G Wi when Z5 is in U 2 or W3, respectively. Also, if z 5 G {zi, z 2 }, 
then z 5 G W 2 . Thus \W X \ + \W 2 \ > 3. Hence y 5 N(m). By Corollary 3.2, there are 2/6,2/7 G 
7V(xO n AT(y 5 ). If there is z G N(y 5 ) \ {x 2 ,y 6 ,y 7 }, then by Corollary 3.3, {y 5 , z} nlfi^0. 
Also, if z G {zi,z 2 }, then z G W 2 . Hence N(ys) = {x 2 , ye, 2/7}. Since N(x 3 ) C\N(x 2 ) = {a}, 
N(y e ) n ^(2/7) = {2^,2/5}, x k A(x 3 ), and 2/5X3 £(G), by Proposition 3.1, y 6 or 2/7, say 
2/6, is adjacent to w 3 ,W4 G N(x 3 ). Thus 2/6 G Wi. Since N(yj) = {-Ui,Xj,Zj} and d(ye) > 4, it 
follows 2/6 7^ 2/j, J = 1, 2. If 2/6 = Zj) j = 1 or 2, then ?/j G Wi . Thus |Wi| + |W 2 | > 3. Hence 
\N(u) nWi| > 1 if u G Ui. 

We can assume = {u\u 2 }, \U\\ = 2, and u 2 G N{x 2 ) n N(x 3 ). Since d(xi) > 3, 

there is 2/* G iV(xi) nZi 2 . If there is z G (ZY 3 U Wi) n N(y*), then since (5(G) = 3, by Corollary 
3.3, ({y*} U (N(y*)nU 3 )) n^^0. Let C {xi} UW 2 . If there is v G A(y*) adjacent 

to distinct Vi,v 2 G iV(x 3 ), then v eU 2 D W x . Let |JV(v) n N(x 3 )\ < 1 for all v G N(2/*)- Since 
y*x 3 E(G) and N(x 3 ) n N(x\) = {a}, by Proposition 3.1, there is z G N(x 3 ) adjacent to 
21,22 € JV(j/*) \ {si}. By Corollary 3.2, zi G Wi and (16) holds. □ 

From now on, we assume X(G) = 1 or 2 and X\ G N(x 2 ). Recall x 3 g" N(x 2 ). We define 

f/ 2 + = {y £U 2 :uj{y) > 0.5}, U 2 ={ y eU 2 : uj{y) < 0}, and U 2i = U 2 nN( Xi ),i = 1,2,3, 

U§ = {zeU 3 : d{z) > 4 or |A^(z) n (V \U 3 )\ > 3 or A^(z) n (Wi U {U 2 \U^)) + 0}, 
and iY| = U 3 \U 3 . For 2/ G W 2 ~, we define /(y), a subset of N(y) HU 3 satisfying (17): 

If z G f(y) and z £ W|, then there is 2/1 G Zi 2 " n 7V(z) with z ^ /(2/1). (17) 

Let y G W 2 ~- and u(y) = -0.5. By Corollary 3.3, there is y' G N(xi) such that A^(y)n(y\W 3 ) = 
N(y) DN(xi) = {xj,y'}. Since d{y) > 3, there is z G N(y) DU 3 . We choose one z G iV(y) nW| 
and define f(y) = {z}, if N(y) nU§ ^ 0. Let N(y) C\U 3 = and z G i%) n^ 3 - By Corollary 
3.2, there is 2/1 G ZY 2 ~- and u; G U 3 such that A^(z) = {y,yi,w}. By Corollary 3.3, 2/2/1 ^ E(G). 
Since AT(y) n N(yi) = {xj,z} and A(G) > 1, it follows w is adjacent to exactly one of y,yi, 
X(G) = 1, {i,j} = {1,2}, and x 3 £ N( Xj ). Since 7V(y) nN( Vl ) = {x„z}, A(6) n N(z) C { W } 
for all 6 G N(x 3 ), and zx 3 E(G), by Proposition 3.1, u> is adjacent to 2/2,2/3 £ N(x 3 ). Thus 
toGW 3 s n A^(2/i) and z /(2/1). We define /(y) = {z} and f(y) satisfies (17). 

Next let 2/ G ^/ 2 ~ with u;(y) = -1. By Corollary 3.3, y G N(xi), X\ G N(x 2 ) D N(x 3 ), and 
A(G) = 2. Since %) > 3 and N(y) n (V\W 3 ) = {xi}, there are z,z' G N(y)nU 3 . We claim 
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z,z' G U 3 . Let z £ U 3 and N{z) = {y,y\,w}, where y\ G U 2 ~ and w G U 3 . By Corollary 
3.2, yi G AT(xi) and yyi #(G). Since A(G) = 2, it follows xi,z,u; G N(y) n iV(yi), a 
contradiction justifying our claim. We define /(y) = {z,z'} and /(y) C U§ satisfying (17). 

We claim that 

if z G W 3 , then w(z) > e + 0.5|{y G W 2 ~ : z G /(y)}|, (18) 

where e = 0.5 if x 3 A(xi) and |A(z) n A(x 3 ) nU 2 \ > 1 or |A(z) n A(x 3 ) nWi| > 2, and 
e = 0, otherwise. 

Let z G U 3 . By Corollary 3.2, N(z) n (Wi UW 2 ) ^ 0. Also, if x 3 £ N(xi), then A(x 3 ) n 
Zi 2 Q U+, since x 3 N(x 2 ). Since d(*) > 3, (18) follows Corollary 3.3 if z /(y) for 
any y. Let z G /(y), where y G W 2 ~-. By Corollary 3.3, \N(z) n (V \W 3 )| > 2. First let 
N(z) n (V \ W 3 ) = {y,yi}. Since d(z) > 3 and /(y) satisfies (17), it follows z G IA 3 or 
2 £/(l/i)> and (18) holds. Let \N(z) D (V\U 3 )\ = 3. Since u(z) > 1 + 0.5(d(z) - 3), (18) holds 
if d{z) > 4 or |A(z) n«i| > 0. Let d(z) = 3 and N(z) C W 2 . If A(G) = 2, then e = 0, there 
is y' G N(z)\U 2 ~ with |7V(y') n JV(*)| = 2, and (18) holds. Let E(G[N(a)}) = {x lX2 } and 
yi y 2 G S(G[JV(z)]). If yi £ U 2 , i = 1 or 2, then (18) holds. By Corollary 3.3, y; G A(x;)n^ 2 ~, 
i = 1,2. Let y 3 G A(z) \ {yi,y 2 }. Since z iV(a), by Corollary 3.2, y 3 G A(xi) U A(x 2 ). 
Since zx 3 ^ E(G), by Proposition 3.1, there is b G -/V(x 3 ) n N(y 3 ). By Corollary 3.3, y 3 £Y 2 ~ 
and (18) holds. If |JV(;z) n \ U 3 )\ > 4, then w (z) > 0.5| A(z) fl (V \ U 3 ) | and (18) holds. 

By our construction, if co(y) = —0.5, then \f(y)\ = 1. Also, if w(y) = —1, then \f(y)\ = 2. 

Let r = ZMv) ■ y e ^ 2 + l- By (is), 

^2 + ^ 3 = J]{^(y):yG[/ 2 + U^ 3 UZi 2 -}>r+e + 0.5 £ |/(y)|+ £ w(y) > f + e, (19) 

where e = 0.5 if x 3 £ A(xi) and there is z G U 3 with |A(z) n A(x 3 ) nW 2 | > 1 or |A(z) n 
N(x 3 ) (lUi \ > 2, and e = 0, otherwise. 

By (19), if A(G) = 2 or e(«i) > 1, then (16) holds. Let \(G) = 1, E(G[N(a)]) = {x lX2 }, 
and e(Ui) = 0. If there is y G N(x 3 ) HU 2 adjacent to a vertex in U 3 or with uj(y) > 0.5, 
then by (19), (16) holds. Thus we assume oo(y) = \N(y) DU 3 \ = for y G A(x 3 ) flW 2 . Since 
5(G) = 3, e(Wi) = 0, and A(G) = 1, there is y* G A(x 3 ) n^ 2 . By Corollary 3.2, there 
are Xj G N(a) and yi,y 2 G N(xj) \ U\ such that N(y*) = {x 3 ,yi,y 2 }. Let j 7^ 3. Since 
\(G) = 1, yiy 2 G E{G). By Corollary 3.2, either N(y l ) n ^1 ^ or there is X; G A(a) with 
|A(yi)nA(xi)| > 2. Thusf > w(yi) > 0.5 and (16) holds. Hence yi,y 2 G N(x 3 ) and similarly 
for y h N( yi ) C {x 3 } U (A(x 3 ) nW 2 ), i = 1,2. First let \U 3 \ = 0. Since N(b)nN(y*) C {x 3 } for 
all 6 G A(xi) and y*xi ^ f?(G), by Proposition 3.1, there is z G N(y*) with | A(z)nA(xi)| > 2. 
Since N( yi ) C {x 3 }U(A(x 3 )n^/ 2 ), i = 1, 2, it follows z = x 3 . There is u G (A(x 3 )nA(xi))\{a} 
and n G U\. Since 5(G) = 3 and \U 3 \ = e(Ui) = 0, there is y G N(u) C\U 2 , t > co(y) > 0.5, 
and (16) holds. Hence there is z* G U 3 . Since N(b) n A(y*) C {x 3 } for all b G N(z*) 
and y*z* ^(G), by Proposition 3.1, there is w G N(y*) with |7V(iy) n N(z*)\ > 2. Since 
N(Vi) Q {^3} U (%)nW 2 ), i = 1,2, and |A^(y) nU 3 \ = for all y G %)flW 2 , it follows 
w = x 3 , \N(x 3 ) Mil n N(z*)\ > 2, and e = 0.5. By (19), (16) holds justifying Lemma 6.2. □ 
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